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Abstract. We calculate the corrections of order as to 
the process 77--,HX where both initial photons are 
real. The analytic expressions are given and a detailed 
discussion of the variation of the corrections with Pr 
and rapidity is presented. The dependence on the 
factorization prescription and scale is also discussed. 
Using the equivalent photon approximation the cross- 
section for e+e - ~e+e HX is calculated both in the 
PEP/PETRA and LEP energy range. Based on the 
vector meson dominance model the non perturbative 
background isestimated and its importance for present 
and future experiments i  emphasized. 
The photon photon reactions represent an important 
class of scattering processes which allow for funda- 
mental tests of Quantum Chromodynamics. Besides 
their specific relevance for the production of re- 
sonances of even C-parity, they can provide important 
constraints on the validity of the standard model of 
Strong Interactions through the study of inclusive 
hadron production [1]. Indeed, except for the frag- 
mentation functions describing the hadronization of 
final state partons, the single particle spectrum at large 
Pr is completely calculable from perturbative QCD. In 
the parton model, this cross-section is proportional to 
Xe~, eq denoting the quark charges. On the basis of this 
quantity, models with integrally charged quarks and 
fractionally charged quarks can in principle be distin- 
guished. In fact, two other classes of reactions, the deep 
inelastic Compton effect 7P ~ 7X and the production 
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of two photons in hadronic collisions HH'~TyX,  
which are related to 7 7 ~ H X via crossing symmetry at 
the partonic level, involve the same factor Ze~. As 
recently reported I-2], it seems that models with integer 
charge (even in their broken color symmetry version 
[3]) have difficulties in the photon photoproduction 
data as well as in 7-7 correlations in hadronic colli- 
sions with the same choice of parameters as those 
derived from 7-7 collisions [2]. 
Concerning the standard model of Strong Inter- 
actions, a quantitative comparison with the data is 
reliable only when the higher order corrections have 
been taken into account. Such a calculation has been 
performed for the deep inelastic Compton process 
[4, 5] and very good agreement is obtained with the 
recent NA14 data [6]. On the other hand, a partial 
calculation of higher order effects [7, 8] to the reaction 
77--*HX has led to small corrections which cannot 
account for the discrepancy between the preliminary 
PETRA data [9-11] and the lowest order estimates. 
We report here on a more complete calculation. It is 
part of a systematic study of all processes [5, 12, 13] 
involving one or two real photons in the initial and/or 
final state. The consideration of all these processes 
together imposes a most stringent set of constraints on 
perturbative QCD as well as on the shape of the 
structure functions involved. 
Higher order corrections to y 7 collisions had already 
been considered by Berends, Gastmans and Kunszt 
[14] for the production of jets. In contrast we make 
predictions for single particle inclusive cross-sections 
which avoid the ambiguity of the theoretical and 
experimental definitions of jets. In our case, the 
comparison with data is more straightforward. Com- 
pared to the work of Khalafi, Landshoff and Stirling 
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[7, 8] ours is more general: i) we take into account he 
contribution of the gluon fragmentation to the single 
hadron spectrum and we do not restrict he calcula- 
tion to the production of particles at zero rapidity in 
the 7Y center of mass*; ii) out results are also presented 
with the initial photon energy spectrum folded in to 
make comparison with experimental results for un- 
tagged e + e- ~ e + e- HX meaningful. 
We shall first briefly recall the lowest order results in 
order to define the notation. In the second and third 
sections we turn to the evaluation of the (9(~s) dia- 
grams: they lead to two classes of terms: the genuine 
higher order corrections and the leading order correc- 
tions associated to the anomalous photon component. 
A detailed iscussion isthen given for an energy typical 
of the PETRA/PEP energy range: the rdle of the choice 
of factorization scales and prescription is analysed. 
Using the equivalent photon approximation, we pre- 
sent in a last section the results for e+e - ~e+e-HX 
with untagged leptons. A careful discussion and evalu- 
ation of the vector dominance contribution is also 
given and its importance at present energies i stressed. 
Finally we give predictions for the LEP energy range. 
I. The Lowest Order Results 
In perturbative QCD, the relationship between had- 
ronic and partonic cross-sections i given by the 
general formula 
e d3a = ~., Idx,dx2F,  , (x jF j ,  z(X2) 
d3 p id,s 
dx od# ii--'y 
"~ -Ds'tt(x)p d~p (1) 
where x 1 (resp. X2) is the fraction of momentum of the 
interacting parton i (resp. j) in the initial hadron 
1 (resp. 2) and x is the fraction of momentum carried by 
the observed hadron H decaying from the final state 
partonf The symbol #u~I denotes the partonic ross- 
section evaluated at a given order of perturbation 
theory. The structure functions of type Fi,1 (x0 and the 
decay probability Ds, u(X ) have no scaling violations. 
Neglecting, for the moment, the hadronic omponent 
of the photon (VDM) the functions Fi, l(xx)(Fi,2(x2)) 
are 6-functions and p~ describes the 
process 77 ~ qq at the lowest order (Fig. 1). The aim of 
this paper being the computation ofhigher order QCD 
corrections we shall present the lowest order result in a 
way useful for later discussion. The calculation of 
inclusive cross-sections to higher orders involves diver- 
gencies. These divergencies are isolated using the 
dimensional regularization [15] method which re- 
quires working in a space ofn = 4 - 2e dimensions: the 
partonic cross-section becomes 
* Where the two calculations overlap they are in agreement except 
for a minor difference: in (2.12) of [17], the term ( -  7) should be 
replaced by ( - 6). This is numerically insignificant 
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Fig. 1. The lowest order (Born) diagrams in photon-photon 
collisions 
d3O ~'r--'qq 1 (4rcg']~ l 1 pO __  _ 
d3p /-'(1 e)\ i'a ] (4n)2~ 
where the properly summed and averaged matrix 
element squared is given by (see Fig. 1 for notation) 
Sl,//g ] z = 2 Nc(4rcoOZ e41a4~(1 - e) 
In this expression, as well as in the rest of this paper, all 
fields are chosen to be massless. The arbitrary mass 
scale # is introduced to keep the action dimensionless 
when working in an n-dimensional space. N c is the 
number of colors. 
For 7 ~ collisions the relationship between partonic 
and external kinematics (labelled with capital letters) is 
very simple. One has 
~=S, t=T/x ,  a=U/x ,  p2= UT/S. (4) 
It is useful to introduces the scaled variables [17] 
1-V=-T /S ,  W=-U/ (T+S)  
Z=I -V+VW 1-v=- f /g ,  
w = - a / i f+  ~) (5) 
with the relations 
1-V  VW 
v=l - - - ,  w=- -  (6) 
x /)x 
Equation (2) is then conveniently written after a change 
of variables, 
d3a ~'r~q4 1 1 dt~ r~'~qq 
pO - -  _ _  
d3p ~g v dv (g,v)6(1 - w) (7) 
with 
d t~'~qq - - (~ ,v )  
dv 
4rt ~ 1 ,~]j/]2 
_ 1F(l_e) (~v( ] -v ) ) lTnZ '  ~ (8) 
For the numerical evaluation of the physical cross- 
section, the limit e = 0 is taken and 
Ed3a l.dx 1 1 
d ~ ~ q4 
9 - - (g ,  v)6(1 - w). (9) 
dv 
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al 
b} 
Fig. 2 a and b. Diagrams of order % contributing to photon 
photon collisions, a Real diagrams, h Virtual diagrams. (Asimilar set 
with k 1 and k2 interchanged is not shown) 
II. The Perturbative Calculation 
The higher order corrections considered in this work 
are those arising from the diagrams hown in Fig. 2, 
obtained by coupling agluon to the lowest order terms. 
The properly averaged matrix element squared for the 
diagrams of Fig. 2a can be obtained by crossing from 
the corresponding ones appearing in the deep inelastic 
Compton scattering [5]. The result is 
Iz~lj///12 = (4703 ~2 e4qes(t~) CFNcl, t6e 
9 2ql"q 2 
"ql-kl ql"k2ql "k3q2"ka q2"k2qz'k 3 
9 {(1 - e)2[qa'klq2"kx((q~'kl) 2 + (qz'k0 2) 
+ (k, ~k2) + (k, ~k3)]  
- e(1 - ~)[ql'k~q2"k~(qx'k2 
- q2"k2)(q~'k3 - q2'k3) 
+ (k~ ~--~ k2) -- (k~ ~-~k3) ] 
+ e(2 + e)[(qa'kl q2"kO 2 + (kx -* k2) 
+ (k ~ -~ k 3)] 
- 2e(4 - e)[q~'k~q2k~q~'kzq2"k~ 
+ (k~ ~ k3) + (k 2 ~ k3) ] }. (10) 
When calculating the differential partonic cross- 
section appearing in (1) one keeps fixed the momentum 
of par tonf [ f  can be a quark, an antiquark or a gluon] 
which emits the observed hadron and performs 
analytically the phase space integration over the other 
partons. Divergencies associated with collinear con- 
figurations appear as poles in e: these singular pieces 
have a simple interpretation and can be written as 
convolutions of Altarelli Parisi splitting functions 
with 2~2 cross-sections [16]. In the case where 
the observed hadron is emitted by the quark or the 
antiquark, infrared singularities also appear when the 
gluon momentum vanishes: they are cancelled by terms 
arising from the interference ofvirtual diagrams of Fig. 
2b with the Born terms which contribute to the same 
kinematical configuration. These virtual terms can be 
calculated using the techniques of [15]. The result, in 
the Feynman gauge, is 
d~ ^V) vi~t.al %(10 1 (4rU~2"~  
dv  (s' = 2~ F(1-2e)\~--] 
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[ 4re/22 "~ 2 2n~2e 4 
9 c, Nc 
%(P) 2rca2e~ 
= - C FNc -t 2 z~ s 
' I (~- -3  + ln2v + ln2(1--v)) 
. (  v 1 -v '~ 
l~v  + ~ )  +2 
V 2V 
The method of phase space integration i n-dimensions 
for the case of three particles in the final state [17-20] 
is, by now, fairly standard and it can be applied to (10) 
to obtain the first order perturbative result for the 
process 77~q~g which can be expressed (for one 
flavor) as: 
Edaa_. _ = fldx [- 1 1 de ~qq 
d3p JzxE Dq'n(x)L~-Sv d~(S ,v )  6 (1 -  w) 
: z  ?, 1_ 
), sz / 
+ zn \  na d~(W S, v) 
1--v 2 \ 1 1 d# ~'q-'aq 
+Hq~, l _vw,e ,Q  )~ l -vw dv 
~ dx [- ct s I/ Z 2"~ 1 X 
dO~qo/  vwx\  
" ~ ~,S 'Y )  +~ 
( 02) 1_ 1_dO, 
+~ Hq~(w,~, roSy d~ (wS ' l -v )  
+ Hq~ 1-  vw 1-- vw dv 
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In the above expression the singular terms associated 
to mass singularities are separated off. Those which are 
proportional to Hqq or Hoq correspond to the collinear 
fragmentation of the final state parton q ~ q or q--* 9 
and they contain the Altarelli-Parisi splitting 
functions 
Hiq(X,g, Q2)=(_~) \ /~  i 2e)F(1 -e ) / '4  rc ~ 2 "~e 
with 
C / lq -x2  3 Pgq (x) -- F t ? l _~+ +~a(1-x ) ) ,  
1 + (1 -- x) 2 
Poq = CF (14) X 
(the symbol (g(x))+ denotes, as usual, the prescription 
1 1 
~(g(x))+f(x)dx = ~(f (x) -  f(l))9(x)dx). The function 0 0 
Hq~ describes the collinear fragmentation of a photon 
into a quark-antiquark pair and it takes the form 
( 1"~ F ( l -e )  {4rt/z2"~ 
Hq~,(x, g, Q2) = eq2 _ ~J F(1 - 2e) \Q~- J  
9 Nc(x 2 + (1 -- x) 2) (15) 
while the differential cross-section for the process 
"~q--',(:lq is given by 
1 dd yq~oq ~2~ f 4n/~2 '~' 2 2Cr 
rc dv (S 'v )=rd- -e )~,Sv( l~v) )  ~eqas 
9 ( l -e ) ( (1 -e ) (v+! )+2g) .  (16) 
The mass scale Q appearing in the singular functions 
Hq depends on the external variables but is otherwise 
arbitrary. We shall discuss later on specific expressions 
for Q2. Finally the functions kq(v,w, Q2, S) and 
ko(v, w, Q2, S) are finite in the limit e ~ 0, as a conse- 
quence of the factorization theorem [16] at order ct s. 
III. Def in i t ion of  the Corrections 
The divergent pieces appearing in the perturbative 
calculation are, as usual, eliminated, with the help of 
the factorization theorem, by the introduction of scale 
violating structure and fragmentation functions. Con- 
sider first the contribution to Ed3~r/d3p of all terms 
proportional to d#~'q~/dv in (12). They can be written 
as  
l d~']J~qgl( 71  
rcSZ dv S, 
as 1. dx /  /Z  
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The expression in square brackets defines the scaling 
violating quark fragmentation function: 
Dq,H(Z ' Q2) - Oq,H(Z ) 
a s ldx Z 
ZZz x \ ' \ x  / 
Z 2 
This definition introduces the so-called universal frag- 
mentation function since the relationship between the 
bare quantity Dim(x) and the scaling violating one is 
independent of the process considered (the functions 
Pqq and Pgo are universal). Another, more practical 
definition, which is process dependent, relates the 
scaling violating quantity directly to the cross-section 
for the inclusive reaction e § e---+HX [21,22] in the 
photon approximation. More precisely, following [22] 
one writes 
~(Z,  Q2) _ ~ e~D~,u(Z,Q 2) (19) 
3 ~o , q,q 
where a~ is the inclusive cross-section, for transversely 
polarized virtual photons, and % = 47r~2/(3 Q2) is the 
cross-section for the process e+e - ~#+#- .  The rel- 
ationship between the two choices is simply given by 
bq,n(Z ' Q2) = Dq,H(Z ' Q2) 
ldx ots Z 2 
with* 
dqq(X)=Ce((1 + xz)(ln~l-~-x-X))+  21 + X l_~ lnx  
x 
(20) 
dgq(x)=ce(l +(lx-X)2( ln(1- x)+21nx) -27) .  
(21) 
* Another definition proposed in [21] is 
aH(Z, QZ)= 3aO(l +~) .~ eZD~H(Z Q2) 
l=q,(l 
which implies the changes [22] 
dqq(x) -*dqq(x) + Cr(1 - ~6(x - 1)) 
2(1 - x) 
dgq(x) dgq(x) +C r 
X 
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The remaining divergent pieces in (12) are dealt with 
along similar lines. The photon structure function is 
introduced via the following procedure: we isolate in 
(12) the quantity: 
F~O)tx Q2)= ~ o~ q'r" ' Fn Hq~(x, ~, Qz) + 2 f~(x) (22) 
which is the result of the naive quark parton model 
(QPM) for the quark distribution inside the photon 
[23], related to the photon structure function in 7*7 
deep inelastic collisions by: 
Fz,~(x ' Q2) = 2x ~ p.zF!~ -, --,, ,-, Q2). (23) 
i=q,q 
The expression for fay(x) is [24]* 
fq~(x)=eZNc((X2+(1--x)2)lnl-Xx +6x(1 -x ) )  
(24) 
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The singularity contained in (22) is no longer present in 
the result of the QCD analysis which modifies the 
QPM answer by taking into account gluon emission 
[25]: evolution equations are written which allow to 
define Fq,~(x, Q2), the expression of which reduces for 
very large Q2 to the asymptotic "anomalous compo- 
nent" proportional to In Q2/A 2. The function 
Fq,~(x, Q2) (which should be compared to the measured 
photon structure function) is then used in (12) instead 
of F~0~(x, Q2). We shall come back in the next section to 
the detailed expressions which may be used. 
When (12) is rewritten in terms of the scaling 
violating structure functions introduced in (19) and 
(23), the perturbative expression of the cross-section for 
the process 77 ~ HX, including the diagrams of Fig. 2, 
can be decomposed into 
d3ffBORN 
E d3p -~ )S2Z~ VW + 
d3G ANOM 2aCe -- eaa. dxfFi~(w,Q 2) 2 1 U 1 
+ 
/ 1 -v  2"x 
d 3 G HO 
E dzp --JZV 2~ ~xi=~q,q,q i,H( ,~ J i t ,  ,Q2,S)+ Do,n(x, OZ)Ko(v,w, Q2, S) 
with 
f (1 -v ' ]  
+ 1 Ki(U,w, Q2 S)~.ki(p,w, Q2 S)_~2e:2~CF[L~'(W)(17-{.-!) ' qT~l--uW/(1--l) W ~) ]  
s ( L w\ * 
. dqq(1--v+vw)/1--V 
1- -v  v +:~ 
+Nc 1--v+vw \VW-  
(25) 
(26) 
(27) 
(28) 
* One also finds in the literature a different expression for fqr(x) 
where the term 6x(1 - x) is replaced by 8x(1 - x) - 1. This comes 
from a different convention when performing the photon spin 
summation in n-dimensions. The physical results are independent on
the choice of the convention, provided the same choice is made when 
relating different processes through the factorization theorem 
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In this expression, the functions fqv (resp. dqq and doq )
must be set equal to zero if the anomalous photon 
component in (26) (resp. the quark fragmentation 
function) is defined in the universal convention. To the 
order as(#) at which we do the calculation, only the 
quark fragmentation function is unambiguously de- 
fined. To resolve the ambiguity of the gluon fragment- 
ation function would require performing the perturba- 
tive calculation to order a~. Likewise, the choice of 
#2 = Qz as the scale in the strong coupling constant is 
arbitrary since the correction itself is of first order in a s. 
It should be emphasized that in (28), the functions kq 
and k o result from the direct perturbative calculation of 
the process 7;~--* qqg while the other terms are related 
to the factorization prescription. It will be seen, in the 
next section, that such terms play an important r61e in 
the structure of the correction. The expressions for Kq 
and K o are reported in Appendix B. 
IV. Discussion of the Results 
We have just seen that the calculation of the higher 
order diagrams leads to two types of corrections 
beyond the Born term: the genuine higher order 
corrections and the terms proportional to the photon 
structure function. It has been stressed recently [26] 
that the full non asymptotic QCD result should be used 
in the theoretical expression for Fq,~(x, Q2). This 
implies a non perturbative input which may be taken 
from experiment. Actually, present experimental data 
for y*y deep inelastic scattering do not allow a refined 
analysis and one may use the naive picture which 
describes the photon structure function as a superpo- 
sition of two components [11]: the anomalous compo- 
nent written in the leading logarithmic approximation 
[25] (or with equivalent agreement to the data, in the 
QPM approximation: Fq,~, (x)  = a/2neaqNc(x 2 + 
(1--x) 2) In (Q2/A2) and the hadronic component es- 
timated in the VDM model. Therefore, the expression 
for Fq,~(x, Q2) in (26) will be written according to such a 
simple description. 
The anomalous photon structure function contains 
a factor 1/as(Q 2) which cancels against the as(Q 2) 
coupling associated with the cross-section 7q--* g q so 
that its contribution i  (26) is of the same order as the 
Born term. At the order as level at which we carried out 
the calculation only one of the two photons may scatter 
through its quark constituent. Consideration of dia- 
grams of order as 2 would imply the presence of the 
gluon component of the photon, leading to the pro- 
cesses of Fig. 3b which contribute, for the reason given 
above, to the same order as the Born term. The relevant 
expression to added to (26) is then 
d 3 0 -ANOM 
E - -  d3p 
a ~ 21dx 
- S 2 L e, j ~-  Di.H(X, Q2)as(Q2 ) 
i = q,d l Z 
[-Fo~(w, Q2)[ ' I -v  v ) 
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al 
b) 
Fig. 3 a and b. Diagrams contributing to the leading logarithmic 
order: case where one of the photons interacts hrough its anomalous 
component, a The Compton like process 7q-~gq. b The fusion 
process 7g ~ q~t 
F / 1 -v  2 \ /1 -v  vw 
For our numerical study, we use the parametrization f 
Duke and Owens [4]. 
a 2 Q2 1.81_l.67x+2.16X2x_O. 3 
Fq'~(x'Q2)=2neqln~ 1-0.4In(1 -x )  
a Q2 
Fg,~(x, Q2) = 2nln A~0.194( 1 _ x)l.Oax-1.97, 
A = 0.2 GeV. (30) 
Also contributing at the leading level are the terms 
where both photons catter through their anomalous 
component (Fig. 4): such terms would appear ex- 
plicitly in the calculation to second order in as. For 
completeness they are also included in our numerical 
calculation and the corresponding formulae are given 
in Appendix [27]. In general, these anomalous pieces, 
although of leading order, tend to be rather small at 
large Pr compared to the Born term because the initial 
energy is shared between a larger number of constitu- 
ents. On the other hand, the "box" diagram [28] shown 
in Fig. 5 is of order a 2 but its contribution may be 
enhanced because of the two-body kinematics. It will 
also be included in our calculation. 
In the next section we present a detailed iscussion 
of the perturbative contributions (25) (28) to the 
reaction 7) ,~HX and delay to Sect. VI the present- 
ation of the VDM estimates. 
V. Numerical Results 
Besides the anomalous photon component one needs 
to specify the fragmentation functions. The fragment- 
ation of the quark and the gluon into pions is taken 
from Baler, Engels and Petersson [29]. Such a choice for 
quarks is in agreement with the data of PEP [30] and 
EMC [31] for z > .5: our predictions will therefore be 
reliable for values of Pr probing the large z region of the 
fragmentation function. We assume a suppression 
factor of 3.3 for a kaon compared to a pion when found 
P. Aurenche t al.: Single Hadron Spectrum 7~' Collisions 
a) b) 
Fig. 4 a-e. Diagrams contributing tothe leading logarithmic order; 
case where both photons interact hrough their anomalous 
components 
Fig. 5 The "box" diagram 
in the fragments of a gluon or a non strange quark and 
the charged hadron spectrum is supposed to be 
dominated by the production of 7t + and K +. Unless 
otherwise specified, all structure functions are defined 
in the non universal conventions described above. 
(This is necessary when only leading logarithmic 
parametrizations are available.) Because of phase 
space limitations, we consider the production of three 
flavors only, but the running coupling constant is 
calculated, in the leading logarithmic approximation, 
with four flavors. The value of A is 0.2 GeV. The results 
are presented for x /s  = 8.5 GeV a value representative 
of the PETRA energy range. 
The Born cross-section (25) is presented in Fig. 6 for 
two "natural" choices of the factorization scale: Q2 : 
p2 and Q2 S. Both the XT(X T = 2pT/x /S)  at rapid- 
ity zero and the rapidity dependence at PT = 3 GeV/c 
are shown. The scaling violations in the quark frag- 
mentation function reduce the spectrum for x T > 0.3 
when the larger factorization scale is used. It should be 
noted that the greater unstability in the prediction is 
obtained for the larger values of XT where the perturba- 
tive calculation is expected to be most reliable: this 
points to the necessity of including higher order 
corrections. Under the same conventions, we show in 
Fig. 7 the anomalous piece normalized to the Born 
term: it rapidly decreases with increasing XT, with more 
than 90% of the contribution at x T > .55 due to the 
diagrams of Fig. 3a. The results are rather unstable 
with the choice of Q2 specially at small XT. Since, as 
mention in sect. III, the scale in the gluon fragmenta- 
tion function is not well defined at the order at which 
the calculation is performed, we also present the results 
when the evolution of the gluon is frozen at Q2 
Q2 = 25 GeV 2. The Q2 dependence of the prediction in 
this case is much reduced. This illustrates the dominant 
r61e (at small XT) played by (the scaling violations in) 
the fragmentation f the gluon. One can further emark 
10-~ 
10-~ 
10 "3s 
10-36 
10.-~ 
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1.2 
I I I f 
~rs= 11.5 GeV 
y= 0 
I I ] I 
0.2 0.~ 0.6 0.8 1.0 
t i I ' I [ I b) 
1.0 ~r$= 1.5 GtV 
P'r- 3 G IV /c  
0.8 ~" "~- .... 
\ 
0.6 ~ \  \ 
0.2 \ \  
t I J I ~ I i I J 
0.2 O.&. 0.6 0.8 1.0 
Y 
Fig. 6 a and b. The inclusive charged hadron differential cross- 
section at the Born level for the process 77-~ HX, for two different 
factorization scales: Q2 : S (solid linerO and Q2 : p2 (dashed lines), a 
The dependence on xr (x T = 2pT/x/S ) at 0 rapidity, bThe rapidity 
dependence at PT = 3 GeV/c 
that increasing Q2 enhances the photon anomalous 
component (proportional to In QZ/A 2) while it softens 
the fragmentation functions. Both effects work in 
opposite direction in the single hadron spectrum but it 
can be seen that the latter wins over the former. 
Figure 8 shows details on the behaviour of the 
corrections (28) normalized to the Born term. With the 
choice of scale Q2 = S the contribution of Kq is small, in 
agreement with [7] which related such a result to the 
absence of n2 terms. Actually, terms proportional to 
terms (1/(1 - w))+ and (ln(1 - w)/(1 - w))+ are also 
lacking (see Appendix B). The dominance of the 
corrections by such factors was also noted in other 
processes [12, 13]. Most of the contribution to (28) 
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Fig. 7 a and b. The contribution of the anomalous terms to the 
inclusive charged spectrum normalised to the Born term for 7~ 
HX for different factorization scales: QZ =S (solid lines) and 
Q2 = p2 r (dashed lines), a The x, r dependence; the dash dotted line 
(resp. the dotted line) shows the result for Q2 _ S(resp. Q2 = p2) when 
the evolution of the gluon fragmentation function is frozen 
at Q2 = 25 GeV z. b The rapidity dependence 
arises in fact from K 0 but it is never large: at most 30~o 
of the Born term in the relevant x~ range. A quite 
different pattern emerges when the scale Q2= p2 is 
used (Fig. 8b). The contribution of K~ rapidly decreases 
from large and positive values at small x~ to rather 
large negative values for xr near 1, whereas the 
previously negative K o becomes positive but almost 
vanishes for xT > 0.6. The variations in the structure of 
the corrections are easy to understand. From (12), (13) 
one sees that changing the scale from Q1 to Q2 
introduces in the function Kg a piece of the form 
(~j2~)ln(Q2/QZ)Poq(1/TzSZ)(d~qq/dv). The positivity 
of Pqo and d~'~qO/dv implies then a larger correction 
when Q2 < Q1- A similar effect arises with the terms 
proportional to P~ as is necessary to compensate for 
the decrease of the anomalous component when 
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for the choice of scale Q2 = S; b The same as a with the scale Q2 = p~; 
c The rapidity dependence at PT = 3 GeV/c 
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Q2 < Q1- The case of Kq is slightly more complicated. 
The scale dependent term associated to Pqq is given by 
~ ln[~2 / --- Cv 
2rc \Q2J rcSZ -dr 
I 2(ln(1 - Z) + 88 ) 
1 X D Z 
after use is made of (14) and of the definition of (1/ 
(1 -x ) )+.  For Z values close to 1 (i.e. large xr) the first 
term becomes large and negative (the second one is also 
negative but finite for usual choices of Dq,H(X)) imply- 
ing an increase of the correction when the factorization 
scale increases. At small Z, the previous situation is 
recovered and the correction varies in the direction 
opposite to the change of scale. This behaviour is of 
course necessary to compensate for the changes occur- 
ring in the Born term (see Fig. 6a) and therefore to 
stabilize the fully corrected cross-section. We finally 
show in Fig. 8c the rapidity dependence of the norma- 
lized correction at PT = 3 GeV/c. It is structureless and 
very small when Q2 = S but tends to become large and 
negative at the edge of phase space for the choice Qz = 
p~: this illustrates again the important r61e played 
by the logarithmic term in (31). The dependence on the 
choice of the factorization prescription is studied in 
Fig. 9. The solid lines concern the results obtained with 
the scale Q2 = S. One observes a drastic variation when 
going from the non-universal convention to the univer- 
sal one (d o = dq=0)  in the quark fragmentation: for 
both choices of scales the behaviour of the correction at 
large x r is affected showing a rapid growth with x r. Of 
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Fig. 10 a and b. The fully corrected charged hadron cross-section 
for the process 7y~HX. See Fig. 6 for the conventions 
course, to each prescription corresponds a different 
shape of the fragmentation functions o that at order a s 
the quantity daBORN+ da n~ is independent on the 
choice of the factorization prescription. In Fig. 9 
however, we have used for convenience the same 
fragmentation functions when comparing the ratio of 
the higher order corrections to the Born term in the 
universal and non-universal conventions ince this 
ratio should not depend rastically on the shape of the 
fragmentation functions. The above discussion aims at 
emphasizing the dependence of the corrections on the 
scale and factorization prescription since in some 
works such aspects have been neglected [32] leading to 
essentially meaningless predictions. The 77 reaction 
because of its relative diagrammatic simplicity is quite 
pedagogical in this respect. Figure 10 shows the Xr and 
rapidity dependence of the full cross-section at ,,/s 
= 8.5 GeV. We included in the cross-section the contri- 
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bution of the diagrams of Figs. 1 to 4 as well as the box 
diagram of Fig. 5 which however turns out to be small 
(at most 15% for Q2= p2 at small x T and much less 
otherwise). The main conclusion to be drawn from the 
comparison with Fig. 6 is an improvement in the 
stability of the prediction at the larger values of Xr. The 
lack of stability at small x r is due partly to the inclusion 
of diagrams of Fig. 4, partly to the effects of scaling 
violations in the gluon fragmentation function which 
are not compensated at order C~s(/~). In any case, the 
large x r region where the VDM component is no 
longer dominant, as we shall see later, is the relevant 
region for confrontation with the data. 
VI. Phenomenology of  e + e -  ~ e + e-HX with 
Untagged Leptons 
We turn now to the estimate of the cross-section for the 
production of a single charged hadron in untagged 
e+e - collisions. We make the standard equivalent 
photon approximation which gives the flux of photons 
collinear to an electron or a positron as 
c~ (P~ee) (1 + (1 -- z)2) P~,e(Z) : -- In (32) 
7Z Z 
where me and Pe are the mass and momentum of the 
charged lepton. We calculate then the rate for charged 
hadron production in untagged experiments by 
d3 ff = ~dzl dz  2 Pr  e(Zl)P:, e(22) E d3 ar~"ltX S . . . . .  S~,. E d3 f f  , , d3 p 
(33) 
The numerical evolution is performed with Pe= 
17GeV/c as in PETRA experiments. We plot in 
Fig. 11 what is designated as the K-factor i.e. the ratio 
of the fully corrected cross-section (25) (29)* over the 
cross-section at the Born level (25). Several cases are 
considered. For the scale violating fragmentation 
functions used above, the results are given by the solid 
line (Q2 = S) or the dashed line (QZ = p2): the K-factor 
is small (1.22 to 1.30 at Pr = 3 GeV/c) and decreasing 
with PT due to the decrease of the anomalous compo- 
nent (the frozen gluon, not shown, gives very similar 
results). To further probe the r61e of the gluon, we 
display the results for a harder scale independent gluon 
fragmentation function of the form (1 - z)/z which has 
been found to give good agreement with the recent 
photoproduction data 7p~n~ at incident photon 
energy (Er )= 100GeV [33]. The K-factor is now 
slightly larger, in the range 1.4 to 1.5 at PT = 3 GeV/c 
for the choices of scales Q2 = p2 and Q2 = S respec- 
tively. More important than the K-factor as a test of the 
validity of the perturbative calculation is the stability 
of the prediction under changes of scales: this is shown 
in Fig. 12 where the ratio of the differential cross- 
* Also included are the processes discussed in Appendix A, as well as 
the "box" diagram (Fig. 5) 
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with Q2=S over the cross-section QZ=p~, for the process 
e+e -- .e+e-HX: fully corrected cross-section with the gluon 
fragmentation f [29] (solid line) or the frozen gluon (Q0 z = 25 GeV) 
(dash dotted line); Born cross-section (dashed line) 
section calculated with Qz = S to the differential cross- 
section with Q2 = p2 is plotted. The results are presen- 
ted for our standard choices of fragmentation functions 
with or without scaling violations in the gluon frag- 
mentation. In both cases the ratio is larger than 0.85 for 
Pr > 3 GeV/c and increases to 1 for large Pr- (For the 
hard scaling gluon this ratio increases from 0.77 to 0.88 
between 2 GeV/c and 5 GeV/c.) Also shown is the result 
for Born cross-sections for which this ratio is about 
0.75 and nearly Pr independent. 
The differential cross-section da/dp r is shown in 
Fig. 13 for the case Q2 = p2. Both the Born term and 
the fully corrected cross-section are displayed. The 
main purpose of this figure is to discuss the relevance of 
the perturbative calculation for inclusive hadron pro- 
duction in untagged e + e- experiments. We saw previ- 
ously that the "error" on the perturbative r sult was 
_+ 10% or less for PT ~ 3 GeV/c for a large variation in 
the choice of the factorization scale. This gives an 
estimate on the internal consistency of the QCD result. 
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However, when comparing to the data one must also 
consider the contribution due to the hadronic ompo- 
nent of the photon (VDM) as discussed in Sect. IV. The 
magnitude of the photon to resonance coupling can be 
obtained by comparing, for example, the photon-  
proton total cross-section tothe pion-proton one [34] 
which yields the value ~(ctrt/72) =5 10- 3. The parton 
V 
distribution in the hadronic photon is then taken from 
the pion structure function. We use here the latest 
parametrization by Owens [35]. The VDM contri- 
bution is then calculated from the diagrams of Figs. 3 
and 4 where at least one of the photons scatters 
through its VDM component. The result is given as the 
lower dashed line in Fig. 13: it rapidly decreases with 
Pr but it still gives a sizeable contribution up to 
Pr = 2.5 GeV/c. It is interesting to remark that the 
dominant contribution arises from the case where one 
of the photon couples perturbatively and the other one 
with its VDM structure function. A similar result is 
obtained (within 20~o) if one takes for the photon VDM 
component he parametrization used in fits to the 
photon structure function, FVDM(x)/c~=O.2(1--X) 
[36]. The above discussion leads in fact to a lower 
bound on the VDM contribution to the inclusive 
hadron spectrum. Indeed, it is well known that in 
hadron initiated reactions, the primordial parton 
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transverse momentum considerably enhances the 
theoretical predictions at low PT [37]. We therefore 
present a VDM estimate which includes uch an effect. 
The method is to relate the VDM induced cross- 
sections directly to hadronic data in the way suggested 
in [1]. One writes 
d 3 o.TQCD7 VDM ~ 7tOX 
E d3p 
_{o:Tr'~Ed3trTQCDP~~ 1 (34) 
d3 o.TVOM7 VDM ~t0X 
E 
dap 
I z I/0~7[ \ \2  d3ffPP'~~ 1 I 2 
(35) 
t .  
where yQCD refers to the perturbative component of the 
photon and ?VDU to its hadronic component. The 
factor (2/3)1/(1 -XR) 2 comes from the assumption of 
the dominance of qq scattering and gives the ratio of 
the meson form-factor over the nucleon form-factor 
including normalization and "dimensional counting". 
The variable xR is the radial scaling variable XR = 
x /x2+x2=2E/x /~.  As input to (34) we use the 
result of our calculation of photoproduction reactions 
[12] which is in very good agreement with the NA14 
data on ?p~n~ at 100GeV [6], and for (35) we use 
the parametrization f Donaldson et al. [38] to their 
pp~l r~ data at 100GeV and 200GeV with pr< 
5 GeV/c. The rate for the production of charged 
pions is then assumed to be twice that of zr~ and a 
ratio K+-/n +- = 0.3 is used. The relevant VDM contri- 
bution to untagged e + e- collisions is then obtained by 
convoluting the quantity 
d3 (TyVDMyQCD~Hx Ed3 ffrQCDrVDM~Hx 
E- + d3 p d3 p 
d 3 o.yVDMy VDM oHX 
+E d3p 
with (32) as in (33). The result is shown by the upper 
dashed curve in Fig. 13. As expected, it falls above the 
theoretical estimates and still represents about 60~ of 
the Born term at PT = 3 GeV/c. It is noteworthy that 
the "theoretical" and "experimental" VDM estimates 
differ by a translation of roughly (PT)= 0.35 GeV/c 
over the whole Pr range shown: such a value is what is 
expected from intrinsic Pr effects and serves as a 
consistency check on our calculation of the VDM 
background. 
The analysis above leads to results concerning the 
VDM contribution in deep contrast o that of Cello 
[10], and specially Tasso [9], which are essentially 
based on an exponentially falling distribution. We 
emphasize that, in our opinion, the hadronic compo- 
nent of the photon also undergoes hard scattering 
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leading to a power fall-off of the spectrum. Even more 
important at the larger Pr values is the contribution of 
the processes where one photon scatters through its 
VDM component and the other one through its 
perturbative component: the power fall-off in such a 
case is intermediate between the pure QCD generated 
spectrum and the double VDM one which represents 
less than 20~o f the non-perturbative background for 
Pr > 2 GeV/c. 
Concerning the comparison to the data, if we ignore 
the effects of cuts on the experimentally measured 
quantities and apply our estimates we find that the 
VDM induced contribution and the corrections 
beyond the Born term more than double the naive 
estimates: we find a factor 2.6 at p2 = 6 GeVZ/c z and a 
factor 2 at p2 = 10 GeV2/c 2. This is enough to put the 
Cello data in agreement with the theoretical estimates 
but is however too small to explain the Tasso data. 
We show in Fig. 14 the results for LEP 1 with Pe = 
50GeV/c. The differential cross-section at the Born 
level (dash dotted line) as well as the fully corrected 
perturbative cross-section (full line) are displayed with 
the choice of scale Q2=p~. Concerning the VDM 
estimates two curves are given as before. The lower one 
corresponds to the "theoretical" estimate and is a 
straightforward extrapolation i energy of our calcul- 
ation at Pe = 17GeV/c. The higher one takes into 
account he effect of primordial PT in the following way: 
since there exists no photoproduction data at energies 
high enough to use (34) in the LEP energy range, we 
instead translate the "theoretical" curve by a primor- 
dial Pr value of 0.35GeV/c as found at the lower 
energy. The figure shows that the VDM contribution is
not negligible even at rather high Pr values: its 
contribution equals that of the Born term at PT -~ 
5GeV/c. This is to be expected. Indeed at fixed Pr 
and for rising total energy, smaller and smaller x values 
of the hadronic photon are probed leading to a relative 
increase of the VDM contribution to the cross-section 
compared to the Born term. 
In this paper, we calculate the contributions beyond 
the lowest order Y7 ~ qq diagrams to the single hadron 
spectrum in untagged e+e experiments. We give the 
complete analytic expressions of the perturbative cor- 
rections and find that they are large at low XT values at 
both PEP/PETRA and LEP energies: this is due to the 
pieces which contain the anomalous photon compo- 
nent. The non perturbative contributions are estimated 
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using the vector dominance model of the photon and 
they are found to be important up to rather large values 
of Pr: typically they are equal to the Born term for 
PT = 2.8GeV/c at PETRA and Pr = 5GeV/c at LEP. 
However, they have a faster fall-off in PT than the 
perturbative contributions. An unambiguous test of 
the QCD predictions would therefore require collect- 
ing data at large enough values of PT where the VDM 
contribution becomes negligible. 
Appendix A 
We list below the contributions to the single inclusive 
cross-section of configurations where each initial 
photon scatters through its hadronic constituents. All 
flavors are assumed to be massless and Fq~ = Fq~ 
Fig. 4a: 
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Appendix B 
The higher order corrections Kq(v,w, Q2, S) and 
Ko(v, w, Q2, S) of (28) can be written in the following 
form [17] 
Kq(v, w, Q2, S) 
~Pr ( ~- -w + 
( "~r k i -w  /+-F cDa6(1 - -w)+cW 4
"(1 1~)+ + c4)1n(~2)  
+ cslnv + c61n(1 - vw) + cvln(1 - v + vw) 
+ c 8 In(1 -v )  + c9 In w + qo ln(1 -w)+q~ 
In(1 - v + vw) 
+c~2 1 --w 
In w ln((1 -- vw)/(1 - v))) 
~- C14 +c131 --w 1 --w 
and similarly for Ko(v, w, QZ, S) with coefficients c'i. The 
variables v, w are defined in (6). The coefficients listed 
below depend on the parameters fq, dq and d 0. The 
parameter fq is set equal to 1 for the non universal 
definition of the photon structure function (see (23), 
(24)) and it vanishes for the universal convention. 
Likewise dq = dg = 1 if (21) are used and dq = d o = 0 for 
the universal definition of the quark fragmentation 
function9 In the expressions below one uses the 
notation 
xl = 1 - vw 
x 2 = 1 -v+vw 9  
(1 4;)(1 
9 
C2=(1-  V - -1 ) (3 -41n  v)(1-dq) 
cD4=-(1 -  v- l ) (3  + 41nv) 
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cW4= -4  l -v - -  
C 4 = - -  6 + 6v - 4v 2 + 1_ +f(v,  w) 
V 
+ h(v, w) + 2 (1 - I / )2  
X2 
C 5 = C 4 +fq(3 -- 4V + 2v 2 + v(1  - 2v)w + V2W 2 
-h (v ,w) )+dq(9(v ,w) -2  (1  --0)2)X2 
C 6 =2(3- -2V+2V 2 -2vzw+v2w 2) 
+2. ++w, .. 
c 8 = - 2(1 + (1 - v) 2) - fq (3  - 4v + 2v 2 
+ v(1 - 2v)w + vZw 2 - -  h(v,w)) 
c9= -2 (1  + v + vw + v2w z) 
+fq( -1  +v-v2+lv) (W2+( l - -W)  2) 
1 
Clo = - 8 + 60 - 6v 2 + + 4v2w - 2vZw 2 +f(v,w) 
V 
+ h(v, w) + 2 (1 - v)z 
X2 
+ fq(6  - 6v + 4v z _ _1 - f (v,w) 
\ 1) 
x2 ,/ 
( ') q1=-9+2v-2v2+~+ -6+3v+ v w 
l l -17v+6v 2 -4+8v-v  2 
+ + 
X 2 X 1 X 2 
+ 3fq( -  2(1 - v) 2 + 2v2w 2 
1 
+f(v, w) + h(v, w)~ 
X1 / 
+~dq(1-3v  + v 2 -vw+ v2w 2) 
+ v 1 c12=-4(1 -v+2~ ) 8dq(1 -  -2v)  
C14 =2(2- - / ) - - ! )  
2(1 - v) 2 
P. Aurenche t al.: Single Hadron Spectrum in y7 Collisions 
with the definitions 
f (v ,w)= 2(v2 + (1--1)) 2 - -~)W 
O(v, w) = 2 - v + v 2 + vw + vZw 2 
- v) 2 2(1 - v ) (2 -  v) 5 - 6v  + 2v 2 
h(v, w) = 2 !1 x~ x~ t- xa 
c~ = 8(2(1 - v) + (1 - v + v2)(l - w + w z) 
+ p(v, x,) + p(v, x~)) 
8((1 - v + v2)(1 - w + w 2) C~ 
\X I \X  1 2 V 2))) 
+ 2fq(q(v, w) - 4p(v, xO) 
+ 2 v 
+ 2do(r(v, w) - 4p(v, Xe) ) 
c; = 4(4(1 - v) + q(v, w) ) 
c:z = 16(1 - v + p(v, xz)) + 4do(r(v,w) - 4p(v, x2)) 
c'8 = 4(  - 3 + v 2 + 4_ _ 2vw + 2vw 2 
\ 1) 
" ( l+~22) ) - -2 fq (q(v ,w) - -4p(v ,  XO) 
C; =4( - -2 (1  - -V)+ 2(1 --V) W+ V zw 2 
-t- - -2V+v2 V 2 - -v  
+:2( ' - l+V+v 2 v 
+ 2fq(1 + (1 - v)2)(w 2 + (1 - w) 2) 
e'lo = 4(3(1 + (1 - v) 2) + 4( - 1 + v - v2)w 
+(2-2v+ 3v2)w 2 
+xl  +4V- -V2~ - 
v 2 v 
+ l+v  - 
v 2 v 
\X1 X2///t 
+ 2f~(  - (1 + (1 - v)~)(w 2 + (1 - w) 2) + q(v, w) 
- 4p(v, xx) ) + 2do(r(v, w) -  4p(v, x2) ) 
c'11 = 4(1 + (1 - v) 2 + v 2 w 2) + 4d0(2 - v - vw 
+ 2p(v, x2)) 
P. Aurenche t al.: Single Hadron Spectrum in 77 Collisions 
+ 12fq(2 - -  3V +/)2 + (_  2 + 3v- -  2vZ)w 
+ (2 -- 2V + V2)W 2+ 2p(v, XO) 
with 
p(v,x)= 1- / ) ( l x  -Vx 2+/ ) )  
q(v,w) : -- 5 + 6v - 21? 2 - 2/)(1 - v)w -/)2w2 
r(/), w) : - 5 + 4v  - / )2  + 2vw -/)2w2. 
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